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1   Find the vector ̅ܣdirected from (2,-4,1) to (0,-2,0) in Cartesian coordinates and find 

the unit vector along ̅ܣ 

Answer 

(2,-4,1) (0,-2,0)
A

ܣ̅  = ሺ0 − 2ሻ തܽ௫ + ൫−2 − ሺ−4ሻ൯ തܽ௬ + ሺ0 − 1ሻ തܽ௭ ࡭ഥ = −૛ࢇഥ࢞ + ૛ࢇഥ࢟ −  ࢠഥࢇ

തܽ஺ = |ܣ̅| |ܣ̅|ܣ̅ = ඥሺ−2ሻଶ + ሺ2ሻଶ + ሺ−1ሻଶ = √4 + 4 + 1 = √9 = 3 തܽ஺ = −2 തܽ௫ + 2 തܽ௬ − തܽ௭3  

࡭ഥࢇ = −૛૜ ࢞ഥࢇ + ૛૜ ࢟ഥࢇ − ૚૜  ࢠഥࢇ
 2   Show that   ̅ܣ = 4 തܽ௫ − 2 തܽ௬ − തܽ௭   and   ܤത = തܽ௫ + 4 തܽ௬ − 4 തܽ௭   are perpendicular 

Answer 

The vectors ̅ܣ and ܤത  are perpendicular when  ̅ܣ ⋅ തܤ = ܣ̅ 0 ⋅ തܤ = |തܤ||ܣ̅| cos ஺஻ߠ = 0 cos ஺஻ߠ = 0 ⇒ ஺஻ߠ = 90° 
ܣ̅  ⋅ തܤ = ൫4 തܽ௫ − 2 തܽ௬ − തܽ௭൯ ⋅ ൫ തܽ௫ + 4 തܽ௬ − 4 തܽ௭൯ ̅ܣ ⋅ തܤ = ሺ4 × 1ሻ + ሺ−2 × 4ሻ + ሺ−1 × −4ሻ ̅ܣ ⋅ തܤ = 4 − 8 + 4 = 0 ∵ ഥ࡭ ⋅ ഥ࡮ = ૙ ∴ ഥ࡭ ⊥ ഥ࡮  
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2 3   Determine the smaller angle between ̅ܣ = 2 തܽ௫ + 4 തܽ௬     and     ܤത = 6 തܽ௬ − 4 തܽ௭ 

using the cross product and also the dot product 

Answer 

Using Dot Product Using Cross Product ̅ܣ ⋅ തܤ = |തܤ||ܣ̅| cos  ஺஻ߠ

cos ஺஻ߠ = ܣ̅ ⋅ ܣ̅ |തܤ||ܣ̅|തܤ ⋅ തܤ = ൫2 തܽ௫ + 4 തܽ௬൯ ⋅ ൫6 തܽ௬ − 4 തܽ௭൯ ̅ܣ ⋅ തܤ = 6 ݔ 4 = |ܣ̅| 24 = ඥሺ2ሻଶ + ሺ4ሻଶ = √4 + |ܣ̅| 16 = |തܤ| 20√ = ඥሺ6ሻଶ + ሺ−4ሻଶ = √36 + |തܤ| 16 = √52 cos ஺஻ߠ = 24√20√52 = 0.744208 

஺஻ߠ = cosିଵ ࡮࡭ࣂ 0.744208 = ૝૚. ૢ૙ૡૡ° 

ܣ̅ × തܤ = |തܤ||ܣ̅| sin ஺஻ߠ തܽ௡ |̅ܣ × |തܤ = |തܤ||ܣ̅| sin  ஺஻ߠ

sin ஺஻ߠ = ܣ̅| × |തܤ||ܣ̅||തܤ  

ܣ̅ × തܤ = ൫2 തܽ௫ + 4 തܽ௬൯ × ൫6 തܽ௬ − 4 തܽ௭൯ 

ܣ̅ × തܤ = อ തܽ௫ തܽ௬ തܽ௭2 4 00 6 −4อ 
ܣ̅ × തܤ = തܽ௫ሾ−16ሿ − തܽ௬ሾ−8ሿ + തܽ௭ሾ12ሿ ̅ܣ × തܤ = −16 തܽ௫ + 8 തܽ௬ + 12 തܽ௭ |̅ܣ × |തܤ = ඥሺ−16ሻଶ + ሺ8ሻଶ + ሺ12ሻଶ |̅ܣ × |തܤ = √256 + 64 + ܣ̅| 144 × |തܤ = |ܣ̅| 464√ = |തܤ| 20√ = √52 

sin ஺஻ߠ = √464√20√52 = 0.667947 

஺஻ߠ = sinିଵ ࡮࡭ࣂ 0.667947 = ૝૚. ૢ૙ૡૡ°   or    ૚૜ૡ. ૙ૢ૚૚° 
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3 4   Given ܨത = ሺݕ − 1ሻ തܽ௫ + ݔ2 തܽ௬ , find the vector at (2,2,1) and its projection on ܤത = 5 തܽ௬ − തܽ௬ + 2 തܽ௭ 

Answer 

At point (2,2,1)  ,   ܨത = ሺ2 − 1ሻ തܽ௫ + 2x2 തܽ௬ ࡲഥ = ࢞ഥࢇ + ૝ࢇഥ࢟ Projection of  ܨത onto ܤത = |തܨ| cos തܨ ߠ ⋅ തܤ = |തܤ||തܨ| cos തܤ ത ontoܨ  Projection of ߠ = തܨ ⋅ |തܤ|തܤ = തܨ ⋅ തܽ஻ 

Projection of  ܨത onto ܤത = തܨ ⋅ |തܤ|തܤ  

തܨ ⋅ തܤ = ൫ തܽ௫ + 4 തܽ௬൯ ⋅ ൫5 തܽ௬ − തܽ௬ + 2 തܽ௭൯ ܨത ⋅ തܤ = ሺ1x5ሻ + ሺ4x − 1ሻ + ሺ0x2ሻ = 1 

|തܤ| = ඥሺ5ሻଶ + ሺ−1ሻଶ + ሺ2ሻଶ = √30 

Projection of  ࡲഥ onto ࡮ഥ = ૚√૜૙ 
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4 5   If  ̅ܣ = തܽ௫ + 2 തܽ௬ − 3 തܽ௭              and              ܤത = 2 തܽ௫ − തܽ௬ + തܽ௭ 

Determine : 

a) The magnitude of projection of ܤത  on ̅ܣ 

b) The smallest angle between ̅ܣ and ܤത  

c) The vector projection ̅ܣ onto ܤത  

d) A unit vector perpendicular to the plane containing ̅ܣ and ܤത  

Answer ̅ܣ ⋅ തܤ = ൫ തܽ௫ + 2 തܽ௬ − 3 തܽ௭൯ ⋅ ൫2 തܽ௫ − തܽ௬ + തܽ௭൯ = ሺ1x2ሻ + ሺ2x − 1ሻ + ሺ−3x1ሻ ࡭ഥ ⋅ ഥ࡮ = −૜ |̅ܣ| = ඥሺ1ሻଶ + ሺ2ሻଶ + ሺ−3ሻଶ = √1 + 4 + |ഥ࡭| 9 = √૚૝ |ܤത| = ඥሺ2ሻଶ + ሺ−1ሻଶ + ሺ1ሻଶ = √4 + 1 + |ഥ࡮| 1 = √૟ 

a) The magnitude of projection of ܤത  on ̅ܣ 

Projection of ܤത on ̅ܣ = തܤ ⋅ |ܣ̅|ܣ̅ = −3√14 

Magnitude Projection of ࡮ഥ onto ࡭ഥ = ૜√૚૝ 

 

 

b) The smallest angle between ̅ܣ and ܤത  

஺஻ߠ = cosିଵ ܣ̅ ⋅ |തܤ||ܣ̅|തܤ = cosିଵ ࡮࡭ࣂ 6√14√3− = ૚૙ૢ. ૚૙૟૟° 
 

 

c) The vector projection ̅ܣ onto ܤത  

Projection of ̅ܣ on ܤത = ܣ̅ ⋅ |തܤ|തܤ = −3√6 
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5 Vector Projection of ̅ܣ onto ܤത = ܣ̅ ⋅ |തܤ|തܤ തܽ஻ 

Vector Projection of ܤത onto ̅ܣ = ൬−3√6൰ തܽ஻ 

Vector Projection of ܤത onto ̅ܣ = ൬−3√6൰ ൬2 തܽ௫ − തܽ௬ + തܽ௭√6 ൰ Vector Projection of ࡮ഥ onto ࡭ഥ = ࢞ഥࢇ− + ૙. ૞ࢇഥ࢟ − ૙. ૞ࢇഥࢠ 
 

 

d) A unit vector perpendicular to the plane containing ̅ܣ and ܤത  

There are two possible methods ̅ܣ × തܤ = ܣ̅| × |തܤ തܽ௡ 

തܽ௡ = ܣ̅ × ܣ̅|തܤ ×  |തܤ
ܣ̅ × തܤ = |തܤ||ܣ̅| sin ஺஻ߠ തܽ௡ 

തܽ௡ = ܣ̅ × |തܤ||ܣ̅|തܤ sin  ஺஻ߠ

 

 

ܣ̅ × തܤ = อ തܽ௫ തܽ௬ തܽ௭1 2 −32 −1 1 อ ̅ܣ × തܤ = തܽ௫ሾ−1ሿ − തܽ௬ሾ7ሿ + തܽ௭ሾ−5ሿ ̅ܣ × തܤ = − തܽ௫ − 7 തܽ௬ − 5 തܽ௭ 

ܣ̅| × |തܤ = ඥሺ−1ሻଶ + ሺ−7ሻଶ + ሺ−5ሻଶ |̅ܣ × |തܤ = √1 + 49 + ܣ̅| 25 × |തܤ = √75 

തܽ௡ = ܣ̅ × ܣ̅|തܤ × |തܤ = − തܽ௫ − 7 തܽ௬ − 5 തܽ௭√75  

A

B

A x B

A x B
A x B

 

Generally ࢇഥ࢔ = ࢞ഥࢇ ± + ૠࢇഥ࢟ + ૞ࢇഥࢠ√ૠ૞  
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6 6   Given     ̅ܣ = തܽ௫ + തܽ௬     ,    ܤത = തܽ௫ + 2 തܽ௭     ,     ̅ܥ = 2 തܽ௬ + തܽ௭ 

Find   ሺ̅ܣ × തሻܤ × ܣ̅    and compare it with    ̅ܥ × ሺܤത ×  .ሻ    ,    comment on the result̅ܥ

Answer ሺ̅ܣ × തሻܤ × ܣ̅ ̅ܥ × ሺܤത ×  ሻ̅ܥ

ܣ̅ × തܤ = อ തܽ௫ തܽ௬ തܽ௭1 1 01 0 2 อ 
ܣ̅ × തܤ = തܽ௫ሾ2ሿ − തܽ௬ሾ2ሿ + തܽ௭ሾ−1ሿ ̅ܣ × തܤ = 2 തܽ௫ − 2 തܽ௬ − തܽ௭ 

 ሺ̅ܣ × തሻܤ × ̅ܥ = อ തܽ௫ തܽ௬ തܽ௭2 −2 −10 2 1 อ ሺ̅ܣ × തሻܤ × ̅ܥ = തܽ௫ሾ0ሿ − തܽ௬ሾ2ሿ + തܽ௭ሾ4ሿ ሺ࡭ഥ × ഥሻ࡮ × ഥ࡯ = −૛ࢇഥ࢟ + ૝ࢇഥࢠ  

തܤ × ̅ܥ = อ തܽ௫ തܽ௬ തܽ௭1 0 20 2 1 อ 
തܤ × ̅ܥ = തܽ௫ሾ−4ሿ − തܽ௬ሾ1ሿ + തܽ௭ሾ2ሿ ܤത × ̅ܥ = −4 തܽ௫ − തܽ௬ + 2 തܽ௭ 

ܣ̅  × ሺܤത × ሻ̅ܥ = อ തܽ௫ തܽ௬ തܽ௭1 1 0−4 −1 2 อ ̅ܣ × ሺܤത × ሻ̅ܥ = തܽ௫ሾ2ሿ − തܽ௬ሾ2ሿ + തܽ௭ሾ3ሿ ࡭ഥ × ሺ࡮ഥ × ഥሻ࡯ = ૛ࢇഥ࢞ − ૛ࢇഥ࢟ + ૜ࢇഥࢠ  
 

It is clear that ሺ̅ܣ × തሻܤ × ̅ܥ ≠ ܣ̅ × ሺܤത ×  ሻ̅ܥ

So, when we are calculating the cross product of three vectors ̅ܣ × തܤ × ̅ܥ  , brackets are 

needed to determine how to start calculating 7  Find  ̅ܣ ⋅ തܤ × തܤ , ܣ̅ for  ̅ܥ of problem 6 ̅ܥ ,   and compare it with  ̅ܣ × തܤ ⋅         ̅ܥ
comment on the result 

Answer ̅ܣ ⋅ തܤ × ܣ̅ ̅ܥ × തܤ ⋅ തܤ ̅ܥ × ̅ܥ = −4 തܽ௫ − തܽ௬ + 2 തܽ௭ ̅ܣ ⋅ തܤ × ̅ܥ = ሺ1x − 4ሻ + ሺ1x − 1ሻ + ሺ0x2ሻ ࡭ഥ ⋅ ഥ࡮ × ഥ࡯ = −૞ 

ܣ̅ × തܤ = 2 തܽ௫ − 2 തܽ௬ − തܽ௭ ̅ܣ × തܤ ⋅ ̅ܥ = ሺ2x0ሻ + ሺ−2x2ሻ + ሺ−1x1ሻ ࡭ഥ × ഥ࡮ ⋅ ഥ࡯ = −૞ 
 

It is clear that ̅ܣ ⋅ തܤ × ̅ܥ = ܣ̅ × തܤ ⋅  ̅ܥ
This is because both values are the volume of parallelepiped whose sides are  ̅ܤ , ܣത  and ̅ܥ 
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7 8   Express the unit vector which is directed toward the origin from an arbitrary point on 

the plane ݖ = −5 

Answer 

 

An arbitrary point on the plane ݖ = −5 , will have coordinates ሺݔ, ,ݕ −5ሻ 

 തܴ = ሺ0 − ሻݔ തܽ௫ + ሺ0 − ሻݕ തܽ௬ + ൫0 − ሺ−5ሻ൯ തܽ௭ തܴ = ݔ− തܽ௫ − ݕ തܽ௬ + 5 തܽ௭ 

 | തܴ| = ඥሺ−ݔሻଶ + ሺ−ݕሻଶ + ሺ5ሻଶ | തܴ| = ඥݔଶ + ଶݕ + 25 

 

തܽோ = തܴ| തܴ| ࢇഥࡾ = ࢞ഥࢇ࢞− − ࢟ഥࢇ࢟ + ૞ࢇഥࢠඥ࢞૛ + ૛࢟ + ૛૞  
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8 9   Given the two vectors     ̅ܣ = − തܽ௫ − 3 തܽ௬ − 4 തܽ௭     ,     ܤത = 2 തܽ௫ + 2 തܽ௬ + 2 തܽ௭     and a 

point     ܥሺ1,3,4ሻ     ,    Find 

(a) തܴ஺஻ (b) |̅ܣ| (c) തܽ஺ (d) തܽ஺஻ 

(e) a unit vector directed from C toward A 
 

Answer 

REPORT

10   A triangle is defined by three points ܣ ሺ2, −5,1ሻܤ ሺ−3,2,4ሻܥ ሺ0,3,1ሻ    Find 

a) തܴ஻஼ × തܴ஻஺ 

b) The area of the triangle 

c) A unit vector perpendicular to the plane of the triangle 

Answer 

REPORT


